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Abstract
Endowed with quotient topology inherited from the space of based
loops, the fundamental group of the Hawaiian earring fails to be
metrizable. The fundamental group of any space which retracts to
the Hawaiian earring is also nonmetrizable.
1 Introduction
The Hawaiian earring HE is the union of a null sequence of simple closed
curves joined at a common point p, and is among the simplest of spaces to
which the standard tools of algebraic topology fail to apply.
The fundamental group pi1(HE) has received attention from a various
algebraic and combinatorial perspectives ([3] [4][5]). This paper settles a
fundamental question regarding the topology of pi1(HE).
There are at least 3 natural ways of imparting a topology on pi1(HE).
1. It is a (nontrivial) fact that the natural homomorphism into the inverse
limit of (discrete) free groups φ : pi1(HE) → lim← pi1(Xn) is one to
one [11], and thus one can pull back via the embedding φ to create the
metric space pilim1 (HE, p)
2. One can consider two loop classes [f ] and [g] to be close ([2] [9]) if
there is a small path α such that f ∗ α is path homotopic to g . This
creates a metric space pimet1 (HE, p).
3. One can endow the path components of the loop space over HE with
the quotient topology. Denote this space pitop1 (HE, p) as in [1].
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It is not obvious that these determine distinct spaces. Indeed [8] is de-
voted to a proof that pilim1 (HE, p) and pi
top
1 (HE, p) are not canonically home-
omorphic.
It is shown in [6] that pitop1 (HE, p) is separable and normal, but the ques-
tion of metrizability was not resolved. The main result of this paper is that
pi
top
1 (HE) is not metrizable.
Thus we can conclude that pitop1 (HE, p) is topologically distinct from the
other two spaces. Moreover it follows from a “no retraction” theorem of
the author [7] that HE cannot be embedded as a retract of any space Y
such that pitop1 (Y ) is metrizable. For example if Y is the Sierpinski Gasket
or the Menger Sponge, the topological fundamental group pitop1 (Y ) fails to be
metrizable.
2 Main Result
Suppose X is a metric space and p ∈ X. Let Cp(X) = {f : [0, 1] → X such
that f is continuous and f(0) = f(1) = p}. Endow Cp(X) with the topology
of uniform convergence. Let P denote the constant path and let [P ] denote
the path component of P in Cp(X).
The topological fundamental group pitop1 (X, p) is the set of path com-
ponents of Cp(X) endowed with the quotient topology under the canonical
surjection Π : Cp(X) → pi
top
1 (X, p) satisfying Π(f) = Π(g) if and only if f
and g belong to the same path component of Cp(X).
Thus a set U ⊂ pitop1 (X, p) is open in pi
top
1 (X, p) if and only if q
−1(U) is
open in Cp(X).
Let Xn denote the circle of radius
1
n
centered at ( 1
n
, 0) in the plane.
Let HE = ∪∞n=1Xn, denote the familiar Hawaiian earring, with p = (0, 0).
Let f ∗ g denote the familiar operation of path concatenation.
Remark 1 The topological Hawaiian earring group pitop1 (HE, p) is separable
and normal. See [6].
Theorem 2 The topological Hawaiian earring group pitop1 (HE, p) is not metriz-
able.
Proof. The fact that pitop1 (HE, p) is a T1 space is equivalent ([6]) to the
fact ([11]) that the natural homomorphism φ : pitop1 (HE, p)→ lim← pi1(Xn, p)
is one to one.
2
Suppose U1, U2, , . is a sequence of open sets in pi
top
1 (X, p) such that [P ] ∈
Un for each n. Let Vn = Π
−1(Un). Because P ∈ Vn, the path homotopic map
(α1 ∗P ∗ α
−1
1 ∗P )
n ∈ Vn. Because Vn is open in Cp(HE) there exists mn > 1
such that (α1 ∗αmn ∗α
−1
1 ∗α
−1
mn
)n ∈ Vn. (In this case αi and α
−1
i denote loops
that orbit once around Xi in opposite directions.)
Let fn = (α1 ∗ αmn ∗ α
−1
1 ∗ α
−1
mn
)n. If we can show that the sequence [fn]
does not converge to [P ] in pitop1 (HE, p), it will follow immediately that Un
cannot be the open metric ball of radius 1
n
centered at [P ], and in particular
pi
top
1 (HE, p) cannot be metrizable.
The proof that {[fn]} does not converge in pi
top
1 (HE, p) to [P ] is very sim-
ilar to the proof [8] that pitop1 (HE, p) does not naturally embed topologically
in lim← pi1(Xn, p). Choose q 6= p such that q ∈ X1. Define an oscillation
function o : Cp(HE) → {1, 2, 3, ...} such o(g) = M if M is the largest non-
negative integer such that there exists t0 < t1 < ...tM with g(t2i) = p and
g(t2i+1) = q.
Notice if gn is path homotopic to fn in HE, then o(gn) ≥ o(fn) ≥ n.
(To see this, first replace gn by rn(gn) where rn : HE → Xn is the natural
retraction and note o(rngn) ≤ o(gn) and moreover rngn is also path homo-
topic to fn = rn(fn). Next observe that at each step (via the van Kampen
Theorem [10]) of the reduction of rn(gn) to fn, the oscillation number does
not increase).
Next observe that if gn → g in Cp(HE) that o(g) ≥ o(gn) eventually.
Thus, if gn is path homotopic to fn for each n then the sequence g1, g2, ...
cannot have a subsequential limit g ∈ Cp(HE) since it would follow that
o(g) = ∞. Moreover, since pitop1 (HE, p) is a T1 space, for each n the path
component of fn is closed in Cp(HE).
Hence the preimage under Π of the sequence [f1], [f2], .. determines a
closed subset of Cp(HE), and since Π is a quotient map the set {[f1], [f2], ..}
is closed in pi1(HE, p). Notice [P ] is not in this closed set, and consequently
[P ] is not a limit point of this set, and hence the sequence {[fn]} does not
converge to [P ] in pitop1 (HE, p).
Remark 3 The paper [8] shows that pitop1 (HE, p) does not embed naturally in
the (metrizable) inverse limit space lim← pi1(Xn, p). Theorem 2 reveals there
exists no topological embedding whatsoever and in particular pitop1 (HE, p) and
pilim1 (HE, p) are not homeomorphic.
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Corollary 4 Suppose Y is a path connected metric space such that pitop1 (Y )
is metrizable . Then the Hawaiian earring cannot be embedded as a retract
of Y.
Proof. An embedding of HE into Y would induce a topological embed-
ding of pitop1 (HE) into pi
top
1 (Y ) as shown in [7], contradicting the nonmetriz-
ability of pi1(HE).
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